ABSTRACT. For real valued functions, Igor Kluvánek has introduced an integral, called Archimedean, which is equivalent to the Lebesgue integral. It is based on the summation of infinite series and it avoids measure. Modifying the definition by Kluvánek, we introduce an integral which has some good and some bad properties and we compare it with the Lebesgue integral.
The Lebesgue integral
Ò Ø ÓÒ 1º Let X be a non-empty set, let R be a ring of subsets of X, let λ : R → 0, ∞) be a σ-additive measure, and let σ(R) be the σ-ring generated by R. Assume that X ∈ σ(R), i.e., assume that σ(R) is a σ-algebra. Let λ : σ(R) → 0, ∞ be the unique σ-finite σ-additive measure which extends λ over σ(R).
We shall define L-integral in three steps: 1 • A function f : X → R is called simple, if there exist disjoint sets A i ∈ σ(R), λ(A i ) ∈ R, and real numbers α i ∈ R, i = 1, 2, . . . , k, such that
In this case we define 
2
• A function f : X → R is called measurable, if f −1 (I) ∈ σ(R) for each interval I ⊆ R. If f : X → R is a non-negative measurable function, then there exists a sequence {f n } ∞ n=1 of simple functions such that f n ր f. In this case the integral is defined by the formula
and if X f dλ < ∞, then the f is called integrable.
3
• For a measurable function f : X → R we define f 
where A 1 , A 2 , . . . , A k are disjoint intervals, and λ(A i ) is length of the interval A i .
The Kluvánek integral
In this section we prove that for real functions of one variable the L-integral (as it is introduced in the previous section, cf. Definition 1) contains the integral proposed by Igor Kluvánek. The notion of an integral used in the construction of the Kluvánek integral differs from the one used previously. We admit intervals I of the form a, b , a, b), (a, b , (a, b), a, a , the numbers a, b are called the endpoints of I. Denote χ I the characteristic function of an interval I and λ(I) the length of I.
Ò Ø ÓÒ 2º A function f defined on an interval I is called integrable if there exist real numbers a i ∈ R and intervals I i ⊆ I, i = 1, 2, . . . , such that the following conditions are satisfied:
The Kluvánek integral of an integrable function f on I is defined by the formula
This definition can be generalized by replacing the intervals by sets from a ring of subsets R.
Ò Ø ÓÒ 3º Let R be ring of subsets of a set X and let λ : R → 0, ∞) be a σ-additive measure. Assume that X ∈ σ(R). A function f defined on X is integrable if there exist real numbers a i ∈ R and sets A i ∈ R, i = 1, 2, . . . , such that the following conditions are satisfied:
The Kluvánek integral of an integrable function f on X is defined by the formula
Let X be a non-empty set, let R be a ring of subsets of X, let λ : R → 0, ∞) be a σ-additive measure, and let σ(R) be the σ-ring generated by R. Assume that X ∈ σ(R), i.e., σ(R) is a σ-algebra. Letλ : σ(R) → 0, ∞) be the unique σ-finite σ-additive measure extending λ over σ(R).
Denote L(λ) the family of all integrable functions according to Definition 1. If f ∈ L(λ), then f is said to be L-integrable function (with respect to λ). Denote K(λ) the family of all integrable functions according to Definition 3. If f ∈ K(λ), then f is said to be K-integrable function (with respect to λ).
ÈÖÓÔÓ× Ø ÓÒ 1º Let I 1 , I 2 , . . . , I k ∈ R and a 1 , a 2 , . . . , a k ∈ R. Then the function f = k i=1 a i χ I i belongs to L, and
Inductively, for k = n − 1 ≥ 2 and
For k = n we have (L) f dλ = a n λ(I n J) + (a n + 1)λ(I n ∩ J) + 1λ(J I n ) = a n λ(I n J) + λ(I n ∩ J) + λ(I n ∩ J) + λ(J I n ) = a n λ(I n ) + λ(J) = a n λ(I n ) +
The assertion follows by induction.
By Proposition 1 we have
Similarly, h ∈ L(λ) hence,
Next, we show that an L-integrable function need not be K-integrable, in general.
Example 2. Let R and λ be as in Example 1 (we admit intervals A ⊆ X = a, b of the form u, v , u, v), (u, v , (u, v), u, u ). Now, let f be a function on X = a, b and assume that it is K-integrable (with respect to λ). Observe (see condition 1 * in Definition 3) that f is the pointwise limit of the sequence
where A i are subintervals of X and a i are real numbers. Using the standard Baire classification scheme, it can be readily seen that f belongs at most to the third Baire class of functions on X. Indeed, each f n is a piecewise constant function having a finite range, hence a limit of a sequence of continuous functions on X. Thus f n belongs at most to the second Baire class. Consequently, each function belonging at least to the fourth Baire class is L-integrable but not K-integrable (with respect to λ).
Problems
Let X be a non-empty set, let R be a ring of subsets of X, let λ : R → 0, ∞) be a σ-additive measure, and let σ(R) be the σ-ring generated by R. Assume that X ∈ σ(R), i.e., σ(R) is a σ-algebra. Letλ : σ(R) → 0, ∞ be the unique σ-finite σ-additive measure which extends λ over σ(R). Let A be a family of sets in σ(R) such that λ(A) ∈ R for each A ∈ A. A function f : X → R is called A-simple, if there exist sets A i ∈ A and real numbers α i ∈ R, i = 1, 2, . . . , k, such that
Essential role in L-integration and K-integration is played by pointwise limits of sequences of A-simple functions, where A = σ(R), A = R or, in the special case of K-integration on the real line, A is the set of all bounded intervals.
It might be interesting to develop a Kluvánek-type integral via A-simple functions for a general system A and a general function λ (not necessarily a measure).
In connection with such integration further study and particular results concerning generalized Baire classes (instead of continuous functions we start with a particular system of functions, cf. [4] ) might be usefull.
Conclusions
Kluvánek integral is based on absolute convergent series and avoids measure theory. The construction of the integral is simple and easy to apply. It is derived from the ancient exhaustion method that was historically for the first time used by Eudoxus of Cnidus to calculate the contents of a dish and later worked out by Archimedes of Syracuse [1] , [2] .
On the other hand, reflection about Archimedes' calculation of the area of a parabolic section combined with a fair amount of hind-sight shows that:
1. summable sequences and their sums can and should be introduced in a substantially simpler manner than by the traditional method, avoiding the sophisticated notion of the limit of a sequence 2. the Lebesgue integral can be introduced by a geometrically transparent method, based on summation of sequences rather than limits, which avoids the cumbersome machinery of partition of intervals and integral sums used for the introduction of the Riemann integral.
The method of I. Kluvánek can also contribute to our understanding of the principles of integration theory and to new directions of development and applications. Finally, we use the following quotation from Kluvánek's article entitled What is wrong with the teaching of calculus? (see [3] ):
"It is quite obvious that if someone read and understood the Riemann article in which he introduced the integral that now bears his name, or at least noticed the goal for which Riemann used this definition, then he would certainly seek to include the Lebesgue integral in the elementary teaching of differential and integral calculus. Only then the respect to the legacy of B. Riemann might be truly paid."
